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Abstract 
We study h-sequences of certain Gorenstein standard G-algebras and, for a given %-sequence 
b = (h,, , h,) with hI = 3, give a new construction of Gorenstein standard G-algebras with 
h-sequence h. Furthermore, using a similar idea, we give some examples of Gorenstein SI- 
sequences with h, = 4. 
0. Introduction 
A standard G-algebra A = Ao@Al 0 ... over a field k is a commutative graded ring 
such that A0 = k, A is generated as a k-algebra by Al and the dimension of Al as 
a k vector space is finite. The Hilbert function of A is defined by H(A, i) = dim, Ai for 
all i 2 0, and the Hilbert series of A is defined by F(A, 2) = xi z oH(A, i)iiEZ[[EL]]. 
Then it is well-known that we can write F(A, 2) in the form 
F(A, /?) = 
ho + hl A. + ... + h,i 
(1 - A)d 
for certain integers ho, hl, . . . , h, satisfying Chi # 0 and h, # 0, where d is 
the Krull dimension of A. We call the sequence h(A) = (h,, h, , , h,) the h-sequence 
of A. We put a(A) = s + 1. A sequence h = (h,, h,, , h,) of non-negative 
integers is said to be a Gorenstein sequence if h is the h-sequence of some 
Gorenstein standard G-algebra. Furthermore, a sequence (h,, hl, . , h,) of non- 
negative integers is unimodal if there exists an integer t such that 
h,Ih, I ... rh*>h 1+ 1 2 ... 2 h,. If h and i are positive integers, then h can be 
written uniquely in the form 
h=(:)+(.$)+ ... +(y), 
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whereni>ni-I> ... > ni 2 j 2 1. We put Oci) = 0 and 
h”‘=(:=:)+(“i-li+l)+ .., +(y; , 
We say that a sequence b = ((h,, hi, . . , h,) of non-negative integers is an O-sequence 
ifho= 1 andhi+i <h:“fori= l,... , s - 1, or equivalently, there exists a O-dimen- 
sional standard G-algebra with h-sequence h (cf. [l l] for the details). 
Definition. An SZ-sequence is a seqeunce fi = (h,, hi, , h,) of non-negative integers 
which satisfies the following two conditions: 
(i) hi = h,-i for all i = 0, 1, . . , s, i.e., h is symmetric, and 
(ii) (h,,, h1 - ho, hz - hi . , h, - h,_ 1) is an O-sequence, where t = [s/2]. 
We note that every SI-sequence is unimodal. 
Stanley [lo, Conjecture 21, and, independently, Iarrobino, conjectured that 
(h,, hi, . . . , h,) is a Gorenstein sequence if and only if (h,, hi, . . . , h,) is an SI- 
sequence. Stanley [ 11, Theorem 4.21 showed that this conjecture is true if h I 3. The 
proof of [ 11, Theorem 4.21 relies heavily on the structure theorem of Gorenstein ideals 
of codimension 3 due to Buchsbaum and Eisenbud [a]. In general every Gorenstein 
sequence satisfies the condition (i) (cf. [ll, Theorem 4.11). But every Gorenstein 
sequence does not necessarily satisfy the condition (ii), for example, Bernstein and 
Iarrobino [l, Theorem l] gave examples of non-unimodal Gorenstein sequences for 
each hi 2 5. The author does not know whether there exist non-unimodal Gorenstein 
sequences with hi = 4. 
In this paper we study h-sequences of certain Gorenstein standard G-algebras (see 
Theorem 2.1). As an application of Theorem 2.1, for a given SI-sequence 
h = (ho,h1, ... 3 h,) with hi = 3, we give a new construction of Gorenstein standard 
G-algebras with h-sequence h (see Theorem 3.3). The idea for proving Theorem 3.3 is 
to use the construction in [S, Theorem 4.11 and a result of linkage [8, Remarque 1.41. 
Furthermore, using a similar idea, we give some examples of Gorenstein SI-sequences 
with hi = 4 (see Section 4). 
1. Preliminaries 
Throughout this paper, let k be an algebraically closed field. Let X be a closed 
subscheme of P” = Pi, and let I(X) c R = k[xo, x1, . . . , x.1 be the largest homo- 
geneous ideal defining X. Then the homogeneous coordinate ring R/I(X) of X is 
a standard G-algebra. The Hilbert function of X is defined by H(X, i) = H(R/Z(X), i) 
for all i = 0, 1, . . . , and H(X, i) = 0 for all i < 0. Furthermore, we put AH(X, 0) = 1, 
AH(X, i) = H(X, i) - H(X, i - 1) for all i = 1,2, . . . and AH(X, i) = 0 for all i < 0. 
Inductively, for all t 2 2, we put A’H(X, i) = A(A’- ‘H(X, i)) for all i. The h-sequence 
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h(X) of X is defined by h(X, i) = h(R/Z(X), i) for all i = 1,2, . . . , and put 
a(X) = o(R/Z(X)). We denoted by e(X) the multiplicity of X. If X is a d-dimensional 
arithmetically Cohen-Macaulay closed subscheme of P”, i.e., the homogeneous coor- 
dinate ring R/Z(X) of X is a (d + 1)-dimensional Cohen-Macaulay standard 
G-algebra, then it is easy to show that h(X, i) = Ad+ ’ H(X, i) for all i = 0, I, . , and 
e(X) = AdH(X, i) for all i 2 o(X) - 1. 
Definition (cf. Peskine and Szpiro [8]). (1) Let I and J be homogeneous ideals in 
R = k [.x0, x1, , x,]. Then I and J are said to be (aIgebraical/y) linked (with respect 
to (a)), if there exists a homogeneous R-regular sequence s = CI~, . . , ctg in InJ such 
that J = (T): I and I = (II(): J. Furthermore, I and J are said to be geometrically linked if 
I and J are linked and if in addition I and J have no common associated primes. 
(2) Let X and Y be two closed subschemes of P”. Then X and Y are said to be 
(algebraically) linked (with respect o (c()) if the two ideals I(X) and Z(Y) are linked. 
Furthermore, X and Y are said to be geometrically linked if I(X) and I(Y) are 
geometrically linked. 
We shall recall some facts about linkage. 
Lemma 1.1 (cf. Davis et al. [4] and Peskine and Szpiro [8]). Let X and Y be closed 
subschemes ?f P” which are linked with respect to g und let N = o(R/(g)) - 1. 
(1) Z(X) and Z(Y) are unmixed ideals of the same grade. Furthermore, we have 
Ass(R/(@) = Ass(R/Z(X))uAss(R/Z( Y)). 
(2) X is arithmetically Cohen-Mucuuluy if and only [f Y is arithmetically 
Cohen-Mucuuluy. 
(3) Zf X is arithmetically Cohen-Mucuuluy, then ,for every i = 0, 1, , N, we have 
h(R/(& i) = h(X, i) + h( Y, N - i). 
Furthermore, we have o(X) I o(XuY). 
Lemman 1.2 (cf. Peskine and Szpiro [S]). Let X and Y be d-dimensional urithmeticufly 
Cohen-Mucuuluy closed subschemes of P” which huve no common irreducible compo- 
nents. Then the following conditions are equivalent, and in this case X and Y are linked 
with respect to Z(Xv Y). 
(1) X and Y are geometrically linked. 
(2) Xu Y is a complete intersection, i.e., Z(Xu Y) can be generated by a homogeneous 
R-regular sequence. 
In the rest of this section we shall give an example of a finite set of points in P” which 
are geometrically linked. 
Definition. Let Z be a finite set of points in P”. (Hence we can also consider 
Z a O-dimensional reduced closed subscheme of P”.) Z is said to be in a basic 
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conjiguration in P” if there exist integers rl, . , r, and distinct hyperplanes 
Lij( 1 I i I n, 1 <j 5 ri) such that 
Z = H,n ... nH, as schemes, where Hi = Lilu ... ULi,,. 
In this case Z is said to be of type (r,, . . . , r,). Furthermore, it is easy to show that the 
ideal I(Z) of Z is generated by the homogeneous R-regular sequence 
nlll I,j, ... , fly= 1 l,j, where Iij is a linear form defining the hyperplane Lij, and 
o(Z) = rl + ... + r, -(n - 1). 
The following lemma is clear, so we omit the proof. 
Lemma 1.3. Let Z be ajinite set ofpoints in P” which is in a basic configuration and let 
X and Y are two non-empty subsets of Z such that XuY = Z and XnY = 4. Then 
X and Y are geometrically linked with respect to I(Z). 
2. The h-sequences of certain Gorenstein standard G-algebras 
In the section we shall prove the following theorem. 
Theorem 2.1. Let X and Y be d-dimensional arithmetically Cohen-Macaulay closed 
subschemes of P” which are geomerrically linked respect to (cx), and puts 
s=a(XuY)-2andh~=h(R/I(X)+I(Y),i)foreachi=O,l,....Then: 
(1) R/I(X) + I(Y) is a d-dimensional Gorenstein standard G-algebra. 
(2) hi = AdH(X, i) + AdH(X, s - i) - e(X)for all i = 0, 1, . . . . 
(3) o(R/I(X) + I(Y)) = s + 1. 
(4) Assume that 20(X) I a(XuY). Then h(R/I(X) + Z(Y)) is a Gorenstein 
SI-sequence. Furthermore, we have 
for a/l i = 0, 1, . . , s - o(X) + 1, 
for a/l i = s - o(X) + 2, . . . , s. 
Proof. (1) This is well-known (cf. [8, Remarque 1.4)). 
(2) From [4, Theorem 31, we have 
Ad+‘H(R/(~),i)=Ad”H(X,s+ 1 -i)+Ad+lH(Y,i). 
Hence for every t 2 0, we obtain 
i Ad+lH(R/(c(),i)= i Ad+lH(X,s+l -i)+i$OAd’lH(Y,i). 
i=O i=O 
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i Ad+ ‘H(X, s + 1 - i) = AdH(R/(g), t) - AdH(Y, t). 
i=O 
Furthermore, from o(X) I o(XuY), we have o(X) - 1 I s + 1. Hence, 
c Ad+‘H(X, i) = AdH(X, s + 1) = e(X). 
i=O 
Thus we obtain 
i Ad+‘H(X, s + 1 - i) = ‘f Adt ‘H(X, i) - y Ad+‘H(X, i) 
i=o i=O i=O 
= e(X) - AdH(X, s - t). 
Therefore we have 
AdH(R/(or), t) - AdH( Y, t) = e(X) - AdH(X, s - t). 
On the other hand, since the ring R/(g) is a (d + 1)-dimensional Cohen-Macaulay 
standard G-algebra, there exists a homogeneous equence a = al, . , ad E RI which is 
regular on R/(g). Put R = R/(g), and let i, /? and j be the images of I(X), g and I(Y), 
respectively. Then, by [7, Lemma 1.101, the-two ideals Iand Jare geometrically linked 
with repect to (p), and 
i = 0, 1, . . . , we have 
a is a regular sequence on R/I(X) + I(Y). Hence for all 
hi = H(R,lI + J; i). 




H(RII + ci, i) = H(R/I, i) + H(R/J, i) - H(@, i). 
Hence 
hi = A’H(X, i) + AdH(Y, i) - AdH(R/g, i) 
= AdH(X, i) + AdH(X, s - i) - e(X). 
(3) When i = 0, from (2), we have 
ho = AdH(X, 0) + AdH(X, s) - e(X). 
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Since h,, = 1 and AdH(X, 0) = 1, we obtain A’H(X, s) = e(X). Hence when i = s, we 
have 
h, = AdH(X, s) + AdH(X, 0) - e(X) 
= e(X) + 1 -e(X) 
= 1. 
Furthermore, when i = s + 1, we have 
h s+ 1 = AdH(X, s + 1) + AdH(X, - 1) - e(X) 
= e(X) + 0 -e(X) 
= 0. 
Thus we obtain max{il hi =I= 0) = s. 
(4) Since o(X)-lls-i for all i=O,l,...,s-a(X)+l, we obtain AdH 
(X, s - i) = e(X) for all i = 0, 1, . . , s - a(X) + 1. Furthermore, since 2a(X) I 
o(XuY), we have o(X) I s - o(X) + 2. Hence we obtain AdH(X, i) = e(X) for all 
i = s - o(X) + 2, . . . , s. Thus from (2), we have 
h, = AdH(X, i) 
’ i 
for all i = 0, 1, . . , s - o(X) + 1, 
AdH(X,s-i) for all i=s-0(X)+2,.,.,x 
Next since 20(X) I a(XuY), we have [s/2] < s - o(X) + 1. Hence from the above 
equation, we obtain Ahi = Ad+’ H(X, i) for all i = 0, 1, . . . , [s/2]. Therefore 
(Aho, Ahr, . . . , Ah,,,,]) is an O-sequence. Furthermore, since the ring R/I(X) + I(Y) is 
Gorenstein, the sequence /@/Z(X) + I(Y)) is symmetric. Thus h(R/I(X) + 1(Y)) is 
a Gorenstein SI-sequence. 0 
Conjecture. Let X and Y be arithmetically Cohen-Macaulay closed subschemes of P” 
which are geometrically linked. Then the h-seqeucne of R/I(X) + I( Y ) is a Gorenstein 
%-sequence. 
3. F&sequences with hl = 3 
The aim of this section, for a given SI-sequence h = (h,, h, , . . . , h,) with hl = 3, is to 
give a new construction of O-dimensional Gorenstein standard G-algebras with 
h-seqeunce b. 
Definition. Let b = (h,, h,, . . . , h,) be an SI-sequence, and put hi = hi for each 
i = 0, 1, . . . , [s/2] and bi = hls,21 for all i > [s/2]. We call this sequence {bi} the 
sequence associated with fi. 
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Remark 3.1. It is clear that the sequence {bi} above is a O-dimensional differentiable 
O-sequence (in the terminology of [S, Definition 2.8 and 2.9]), i.e., bi = bi+ 1 for all 
i $0 and the sequence (b,, b, - b,, b2 - b,, . . . ) is an 0- sequence. 
Next we consider the configurations of the points in P2 as follows. 
Definition (cf. Roberts and Roitman [9]). A finite set X of points in P2 which satisfies 
the following conditions is called a k-configuration. 
There exist integers 1 I dl < d2 < ... < d,, subsets Xi, . , X, of X, and distinct 
lines Li, , L, such that 
(i) X is the union of the Xi’s, 
(ii) IXil = di for each i = 1, . . . , m, 
(iii) Any point of Xi lies on Li for each i = 1, . . , m, and 
(iv) Li(l < i I m) does not contian any point of Xj for all j < i. 
In this case, the type of X is defined by type(X) = (d,, . . . , d,). 
In the following remark we recall some results from [S]. 
Remark 3.2. (1) All k-configurations in Pz for type (d, , . . . , d,) have the same Hilbert 
function, which will be denoted by H’“I, ‘.. .‘m’. HCdl. .&) can be obtained as follows: 
For any d 2 1 let s(d) be the infinite sequence 1,2, . . . , d, d, + (continuing with this 
constant value d). Write down the sequences z(d,), , r(d,), successively shifted to 
the left and add: 
r(di ): 1, 2, ... , dl, --+ 
z(dz): 1, 2, 3, . . ) d 23 -+ 
. . . . . . 
+&r,): 1, 2, 3, . . . ) d mr + 
H”“.- .d,l: 1, 3, ... 
Hence we obtain 
m 
H’“‘. .“-‘(i) = C r(dj)(j + i - m). 
j= 1 
Therefore, we have 
H”‘c ,. .‘*J(i) = d, + ... + d, = 1x1 for all i 9 0 
and 
min {i 1 H cdl. ..““f’(i) = 1x1) = d, _ 1, 
Hence we obtain that o(X) = d,. 
(2) Let b = (b,, b,, b2, . . . ) be a O-dimensional differentiable 
b, = 3. Then there exist integers 1 I d, < ... < d, such that Hfdl. 
O-sequence with 
.dm’(i) = bi for all 
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i=O,l,... Sincetheintegersdi ,... , d,,, for a given O-dimensional O-sequence b are 
uniquely determined, we call (d, , . . . , d,) the type of b, which will be denoted by 
type(b). The proof of [S, Theorem 4.11 gives a process of calculating the type of b. Thus 
if X be a k-configuration in P2 of type (d, , . . . , d,), then we obtain H(X, i) = bi for all 
i=O,i,... . 
The main theorem of this section is the following. 
Theorem 3.3. Let b = (h,, hl , . . . , h,) be an SZ-sequence with h, = 3, let b = { bi f be the 
sequence associated with h, let type(b) = (d,, . . , d,) and put a = d, and b = 
s + 3 -d,. 
(1) There exist a k-conjguration X of type (d,, . . , d,) in P2 and a jinite set Y of 
points in P2 such that XuY is in a basic conjiguration of type (a, b). 
(2) Moreover, the h-sequence of R/Z(X) + I(Y) is equal to the given U-sequence h. 
Proof. (1) It is enough to show m I a and d, I b. Since 1 I d, < . . , < d,, we have 
m I a. Furthermore we note that bIsi2) = dl + ... + d,. Hence by Remark 3.2, we 
have d, - 1 I [s/2]. Thus 2(d, - 1) I s. Therefore, d, < b. 
(2) We note that o(X) = d, and a(XuY) = a + b - 1. Since d, I a < b, we have 
2d, I a + b - 1. Hence we obtain 2a(X) I a(XuY). Thus by Theorem 2.1, we have 
thatH(R/I(X)+I(Y),i)=H(X,i)=biforalli=O,l,...,a+b-2-d,.Itiseasy 
to show that [s/2] I a + b - 2 - d,. Hence we obtain H(R/I(X) + I(Y), i) = bi = hi 
for all i = 0, 1, . . . , [s/2]. Thus since c( + b - 3 = s, we have H(R/I(X) + I(Y), i) = hi 
for all i = 0, 1, . . . , s. This completes the proof. 0 
Example. When n = 5, 6 or 7, 4 = (1, 3, 5, n, 5, 3, 1) is an SI-sequence. Hence the 
sequence b associated with h is 1,3, 5, n, n, -+. By the construction in [S, Theorem 
4.11, we obtain 
type(b) = 
(2531 if n = 5, 
(n - 4,4) if n = 6 or 7. 
Hence we put, as in Theorem 3.3 
and b = 
6 if n = 5, 
5 if n = 6 or 7. 
Thus for n = 5, let X be the following set of points in P* 
and let Y be 
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For n = 6, let X be the following set of points in P2 
#%z 
and let Y be 
Furthermore for n = 7, let X be the following set of points in P2 
A L. 
I Y Y 
and let Y be 
Then we have, by the construction in Theorem 3.3 (2) 
F(A, 1) = 1 + 32 + 5L2 + ni3 + 5L4 + 315 + i6, 
where A = k[x, y, z]/l(X) + I(Y ). 
4. SI-sequences with lz, = 4 
First we introduce the notion of k-configurations of points in P3 as follows. 
Definition. A finite set X of points in P3 which satisfies the following conditions is 
called a k-conjiguration. 
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There exist subsets X 1, . . , X, of X and distinct hyperplanes HI, . . , H, such that 
(i) X is the union of the Xi’s 
(ii) For each i = 1, . . . , u, any point of X; lies on Hi, 
(iii) Hi( 1 < i I u) does not contain any point of Xi for any j < i and 
(iv) Xi( 1 < i I U) is a k-configuration in Hi of type (dil) . . . , di,,,,) with di”,~ < mi + 1 
for 1 I i < u. 
In this case, the type of X is defined by type(X) = (d, 1, . . . , dl,,; . . . ;cI,,~, .. . , d,,u). 
For the simplicity of notation, (dij) denote the integers 
(d, 1, . . , dl,,; . . . ;d,l, . . , d,,u) with dimi < mi+ 1 for 1 I i < U. 
In the following remark we recall some results from [S]. 
Remark 4.1. (1) All k-configurations in P3 of type (dij) have the same Hilbert func- 
tion, which will be denoted by H (dc~) HtdLj) can be obtained as follows. Let e(i) be the . 
Hilbert function of a k-configuration of type (dil , . . . , dim,). Then following in the same 
way as in the Remark 3.2(l), we obtain 
H’dl~‘(i) = ~ e(dj)(j + i - u). 
j= 1 
Hence we have 
Hcdk~‘(i) = (XI for all i 9 0 
min(ilH’dzj)(i) = [Xl} = d_- 1 
and 
o(X) = d,,“. 
(2) Let b = (b,, br, b2, . . . ) be a O-dimensional differentiable O-sequence with 
bl = 4, and put 
and 
y(b) = min{ilbi = bi+,J. 
Then by the construction in [S, Theorem 4.11 there exist integers (dij) with u = a(b), 
m, = /l(b) + 1 and d,,u = y(b) + 1 such that Hcdzj’(i) = bi for all i = 0, 1, . . . . The 
proof of [S, Theorem 4.11 gives a process of calculating the integers dij associated with 
the sequence b. Thus if X be a k-configuration in P3 of type (dij), then H(X, i) = bj for 
all i = 0, 1, . . . . 
The main theorem of this section is the following. 
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Theorem 4.2. Let !I = (h,, , h,) be an SI-sequence with h, = 4, and put 
and 
y(h) = min (iI hi 2 hi+ 1). 
Ifa(h) + P(h) + y(h) I s + 2, then h is a Gorenstein sequence. 
Proof. Let I, = {bi} be the sequence associated with h. By Reamrk 4.1 (2) there exist 
integers (dij) with u = I, m, = /?(b) + 1 and d,,,, = y(b) + 1 such that H’d’~)(i) = hi 
for all i = 0, 1, . . . On the other hand, put a = b(b) + 1 and b = s + 3 - ~((57) - b(b). 
Noting that a(h) = a(b), /I(h) = p(b), and y(h) = y(b), from the assumption 
r(h) + P(h) + y(h) I s + 2, we obtain m, I a and d,,U I b. Hence it is clear that there 
exist a k-configuration X of type (dij) in P3 and a finite set Y of points in P3 such that 
Xn Y = 4 and XuY is in a basic configuration of type (u, a, 6). We note that 
a(X) = d,,u = y(h) + 1 and o(XuY)=u+afb_2=s+2. Hence from 
y(h) I [s/2], i.e., 2?(h) I s, we have 2a(X) I a(XuY). Thus by Theorem 2.1(4), we 
obtain H(R/Z(X) + Z(Y), i) = bi for all i = 0, 1, . , s - y(b). Therefore since 
[s/2] I s - y(h), we have H(R/Z(X) + I(Y), i) = bi = hi for all i = 0, 1, . . , [s/2]. 
Since a(Xu Y) - 2 = s. we obtain H(R/I(X) + Z(Y), i) = hi for all i = 0, 1, . . , s. This 
completes the proof. 0 
Corollary 4.3. Let h = (h,, h,, . . . , h,, . . , h,+,_ 1, h;,+s, . . , h,) be an SZ-sequence 
with h, = 4 and let ho < ... < h, = ... = h,+,_ 1 > ... > h,. Zf cc(h) + p(h) I 
y(h) + 6’ + 1, a(h) I 0 + 1 or /?(/I) I 8, then !J is a Gorenstein sequence. 
Proof. In this case by Definition of the SI-sequence, it is obvious that s = 2y + 8 - 1. 
Since y = y(h), it also is obvious that the two conditions “CC@) + P(h) + y(h) I s + 2” 
and “cr(h) + P(h) I y(h) + 6’ + 1” are equivalent. Thus by noting a(h) I ~(4) + 1 and 
b(h) I y(h), it is easy to show our claim. 0 
The following example shows that there exists a Gorenstein SI-sequence with 
h, = 4 which cannot be constructed by Theorem 4.2. 
Example. When n = 4, 5, . . . , 10, it is easy to show that h = (1,4, n, 4, 1) is an 
SI-sequence. Then 
324 T. HarimafJournal cf Pure and Applied Algebra 103 (1995) 313-324 
Hence 
@?) + B(h) + r(!?) = 
less than 7 (n # 10) 
7 (n = 10). 
Thus when n = 4, . , 9, by Theorem 4.2, (1,4, n, 4, 1) is a Gorenstein sequence. But 
(1,4, 10,4, 1) is also a Gorenstein sequence. In fact, we put 
CC.% y, z, WI 
A= 
i 
x3, x22, X2W, Y3 
y2z, Y2W, xz2, Yz2 
z3, xw2, YW2, w3 . 
x2y - yzw, xy2 - xzw, z2w - xyw, zw2 - .xyz 1 
Then we have F(A, 3,) = 1 + 4;2 + 10L2 + 4E.3 + A4 and 
A = k@R, @R,@(kZjFz@ kxyw@ kxzw@ kyzw)@ kxyzw. 
Next we show that the standard G-algebra A is Gorenstein. It is enough to show that 
Soc(A)=k~,whereSoc(A)=~a~A~~a=O,~a=O,~u=Oand~u=O}. 
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